We prove that for > 1 the space of proper maps P 0 (
Introduction
This paper is intended as an essential complement to our previous work [5] , in which it is shown that the inclusion of the space of proper local maps P( ) into the space of local maps F( ) is a weak homotopy equivalence. Namely, in this article we prove that the above spaces are not homotopy equivalent for > 1. Unfortunately, the problem in the case = 1 remains unsolved, but we give some observations that may be useful for further studies. It is worth pointing out that the idea of studying spaces of partial, local and proper maps comes from [1-4, 6, 7, 9] . To be more precise, the space of partial (resp. proper) maps appears first in [1] (resp. [7] ). The notion of local maps is introduced in [6] and, independently, in [9] . The relation between gradient and usual local maps (also in the equivariant case) is studied in [2] [3] [4] . Finally, in [5] authors introduce the topology on the set of local maps and prove that the inclusion of the space of proper maps into the space of local maps is a weak homotopy equivalence if we restrict ourselves to local maps with domains in R + and ranges in R .
The organization of the paper is as follows. Section 1 contains some preliminaries and notation. In Section 2 it is shown that the space of partial maps is contractible. Our main result is stated and proved in Section 3. Finally, Section 4 discusses the case = 1, which is not covered by our main result.
Preliminaries
The notation A B means that A is a compact subset of B. For a topological space X , let τ(X ) denote the topology on X . 
Recall that if
We introduce a topology in Loc(X Y R) generated by the subbasis consisting of all sets of the form
Elements of Loc(X Y R) will be called local maps. The natural base point of Loc(X Y R) is the empty map. Define the spaces of partial and proper maps as
as sets. Moreover, in the case when R = {{ }} we will write Loc(X Y ) omitting double curly brackets. 
Let us introduce the following notation:
where 0 = (0 0 0) ∈ R . We will denote by F 0 ( ) (resp. P 0 ( )) that component of F( ) (resp. P( )) which contains the empty map. Consider the exponential function 
Proposition 1.2.
The function θ is a homeomorphism.
For a pointed topological space X , let Ω (X ) denote the -fold loop space of X . If α ∈ Ω (X ), then Ω α (X ) will denote the path-component containing α. Let 0 stand for the constant loop. In Sections 3 and 4 we will need the following result (see [5, Proposition 3.1 and formula (5.1)]).
Proposition 1.3.
There is a natural homeomorphism
The proof of the following lemma is straightforward.
Lemma 1.4.

Let Ψ : X → Y be a continuous mapping between topological spaces X and Y . Assume that Y is T 1 and
∈ X are such that for each neighborhood U of in X we have ∈ U. Then Ψ( ) = Ψ( ).
Contractibility of the space of partial maps
The aim of this short section is to show that the space of all partial maps is contractible, i.e. is the trivial object from the point of view of homotopy theory. In contrast, the homotopy groups of the spaces of proper and local maps may be highly non-trivial (see [5] ). We start with two almost obvious observations (the first without proof). We are now ready to conclude the desired result. Theorem 3.1.
Lemma 2.1.
Let X and Y be topological spaces. If Y is contractible then so is Map(X Y
The inclusion P( ) → F( ) is a weak homotopy equivalence for ≥ 1 and ≥ 0.
As an essential complement to the above theorem, we can now formulate the main result of this paper.
Theorem 3.2.
If > 1 and ≥ 0 then the spaces P 0 ( ) and F 0 ( ) are not homotopy equivalent.
The proof of the above theorem is based on the following two lemmas. The first lemma is an immediate consequence of Lemma 1.4. We will temporarily abbreviate P 0 ( ) (resp. F 0 ( )) as P 0 (resp. F 0 ).
Lemma 3.3.
Assume 
is an open neighborhood of in F 0 . We abbreviate U to for ∈ W . By the definition of W , ∈ F 0 and by Lemma 3.3, Ψ( ) = Ψ( ).
Assume that ∈ W . Note that from our assumptions on U and it follows that − ∈ F 0 . We will show that Ψ( ) = Ψ( − ) for all ∈ W . By the above, it is sufficient to prove that Ψ( ) = Ψ( − ).
Let us introduce the notation 2 ( ) for ( 2 ( ) ( )). Define a function H : [−1; 1] × U → R given by
H is obviously well defined (by the definition of W , 1 ( ) > 1 ( ) − ) and continuous. Furthermore, H −1 ( 0) is compact, because
The proof that A is compact is postponed to Appendix A, as it requires a few calculations. By the above, H is an otopy (also a homotopy). Consequently, by Proposition 1.2, the function from [−1 1] to F 0 given by → H is continuous. Let ∈ (0 1] and U = { ∈ U : 1 ( ) < }. We admit the possibility that U may be empty.
( 0) ⊂ U and H U = U (see Figure 1) . Hence, by Lemma 3.3, we have Ψ(H ) = Ψ(H U ) = Ψ( U ) = Ψ( ). Analogous reasoning shows that for ∈ [−1 0) we have Ψ(H ) = Ψ( − ). Since Y is T 1 and Ψ(H ) is continuous with respect to , we obtain Ψ( ) = Ψ(H 0 ) = Ψ( − ), which completes the proof. 
Corollary 4.2.
The space F 0 (1 ) is weakly contractible.
By Proposition 4.1, the necessary and sufficient condition that P 0 (1 ) and F 0 (1 ) are homotopy equivalent is that F 0 (1 ) is contractible. However, studying the contractibility of F 0 (1 ) we came to the following conjecture that we believe to be true, but we are not able to prove it at the moment.
Conjecture.
The space F 0 (1 ) is not contractible. (1) ≤ 1 C = ∈ Ω(I 1 ) :
where # X denotes the cardinality of X . It is easy to check that the spaces A C A ∩ C and B ∩ C are contractible (see Figure 2) . It seems to us very probable that if Ω(I 1 ) is not contractible, the same would hold for the space B for similar reasons. Presumably, this mechanism may follow from two features of the space B:
• there are functions in B not taking the value 1 (they glue somehow the rest of the space B),
• the value 1 may be taken at any point of the interval (0 1). 
